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Metoda konecnych prvki

Osnova

Uvod:
1. Principy MKP

» Jak se vyvijela MKP ?
» Jak pouzit MKP na jednoduchy problém?
» Jaké chyby délame v MKP?

» 2. Aproximace FSI problému pomoci MKP

v

v

» MKP pro aproximaci nestla&itelného proud&ni
» Stabilizace MKP
» ALE metoda

» 3. Zavér



Cast I. Principy MKP




Zatatky MKP

VARIATIONAL METHODS FOR THE SOLUTION OF
PROBLEMS OF EQUILIBRIUM AND VIBRATIONS

R. COURANT

As Henri Poincaré once remarked, “solution of a mathematical
problem” is a phrase of indefinite meaning. Pure mathematicians
sometimes are satisfied with showing that the non-existence of a solu-
tion implies a logical contradiction, while engineers might consider a
numerical result as the only reasonable goal. Such one sided views
seem to reflect human limitations rather than objective values. In
itself mathematics is an indivisible organism uniting theoretical
contemplation and active application.

This address will deal with a topic in which such a synthesis of
theoretical and applied mathematics has become particularly con-
vincing. Since Gauss and W. Thompson, the equivalence between
boundary value problems of partial differential equations on the
one hand and problems of the calculus of variations on the other
hand has been a central point in analysis. At first, the theoretical in-
terest in existence proofs dominated and only much later were prac-
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» Potatky metody Variational Methods for the Solution of Problems
of Equilibrium and Vibration, R. Courant, 1943, 1-23.

» Appendix “Numerical treatment of the plane torsion problem of
multiply-connected domain”

> G. Leibniz (1646 - 1716): po &istech linedrni aproximace.

> pouzitelné aproximace je mozné ziskat bez uZiti infinitesimalnich
elementi



Jakym problémem se vlastné R. L. Courant zabyval ?

Variational formulation of the torsion problem: Find a function ¢ = u
having piecewise continuous first derivatives such that

D(9) = / /Q [(62 + 62) + 20] dxdy

attains its least value for ¢ = u.
Cil: the “total stiffness” S of the column with respect to torsion is given

5:—//udxdy
Q



Jakym problémem se vlastné R. L. Courant zabyval ?

Postup Ffeseni

FiG. 2

Integral
D($) = / /Q [(62 + 62) + 20] dxdy

zapieme

OEDS / /K [(62 + 62) + 20] dxdy

Kety

uvazujeme ¢ - linedrni na kazdém trojihelniku!



Jak pouzit MKP na jednoduchy problém?

Hledame u tak aby
—Au=f in Q,

a navic
ux) = 0 pro x €[,

— = pro x € I5.



Jak ziskat jeho varia&ni formulaci?
Greenova véta (1828)

Greenova véta

S)I:Ivdx—/(muvn,ds /ua)qu

Ju
pro u:= 52



Jak ziskat jeho varia&ni formulaci?
Greenova véta (1828)

dostaneme

d%u du dv
Qa—x?vdx_ 89({)X’vn,dS /8)(,(9)(, X

selteme pro i = 1,2



Jak ziskat jeho varia&ni formulaci?
Greenova véta (1828)

/(Au)vdx:/ gz dS — /Vu Vvdx
Q o)



Jak ziskat variaéni formulaci?

—Au=f v Q
u=20 na Iy, %:¢

Greenovy véta

/Q(—Au)vdx - /Q fi dx

Postup: integrace [, prevedu na lokalni [,

na I'2.



Jak ziskat variaéni formulaci?

—Au=f v Q
u=20 naly, %:7/) na .

Greenovy véta

—/ auvdS—i—/(uXvX+uyvy)dx:/(—Au)vdx:/fvdx
oa On Q Q

Postup: integrace [, prevedu na lokalni [,



Jak ziskat variaéni formulaci?

u=20 nalq, — =1 na .

Greenovy véta

/ vd5+/(uxvx+uyvy)dx:/(—Au)vdx:/ fv dx
oa On Q Q

tedy: u € V tak aby pro libovolné v € V platilo

/(uxvx—i—uyvy)dx—/ fvdx+/ YvdS
Q Q M

a(u,v) L(v)

Postup: integrace [, pfevedu na lokélni [,



Variaéni formulace a diskrétni problém

Variaéni formulace: Hleddme u € V tak aby
a(u,v) = L(v) pro viechna v € V.
Diskrétni problém: Hleddme u, € V}, tak aby
a(up, vp) = L(vp) pro vechna v, € V,, C V

Prostor: V), - po &stech linearni funkce (MKP prostor P,
dimenze)
Baze: ©1,..., ¢,

K, Ks

K,




Diskrétni problém

Baze Vi p1,...,0n
a(up, vp) = L(vp) for all v, € V.

Volbou
vi(x) = pi(x),  un(x) = Z Ujgpj(x)

Vede na soustavu rovnic

tedy soustavu



Sestaveni matice tuhosti

Soustava

AU = b.
kde

v Opi | Op; Op;
i = Qi) = - xdy
2j = 3(#j: i) /98X8X+8y8d
je-li Q = Uker, K, pak

2 — E:u[/i%%awl é%aaw,dd

ot ox Ox dy Oy

au

Vypocet ‘95’( - je jednoduchy! Prava strana obdobné.
Lze zobecnit!



Daléf vyvoj MKP

J.T. Oden, 1991: The finite element method was first conceived in a
paper by Courant [1943], but the importance of this contribution was
ignored at that time. Then the engineers independently re-invented the
method in the early fifties.

P Hrennikoff (1941), McHenry (1943) - rovinné pruznosti ( “finite pieces”),
> Argyris, 1954 - varia&ni principy a sestaveni globalni matice z loklnich matic (Kron)
P> Turner, Clough, Martin, Topp [1956] - uZivali lokalni aproximace a “assembly strategies”.

P jméno “finite element method” bylo uZito poprvé a v roce 1960 (Clough, 1960).



Matematické zaklady MKP

UZziti metody konecnych prvki vedlo k celé Fadé otazek:

> Jak “daleko” je spoltené pfiblizné ¥eSeni od presného 7
Konverguji k pfesnému ?

» Lze odhadnout chybu, které se dopustime ?

> Jaké vlastnosti ma viibec pfesné YeSeni 7 Existuje? Je jediné?



Matematické zaklady MKP

J.T. Oden, 1991: “One unfamiliar with aspects of the history of finite
elements may be led to the erroneous conclusion that the method of
finite elements emerged from the growing wealth of information on
partial differential equations”

Vyvoj matematické teorie MKP zalal az na konci 60. let
P Cea’s lemma (Cea [1964])

a priori error estimates for plane elasticity problem, Johnson and McLay, 1968.

Zldmal, 1968 - detailed analysis of interpolation properties

Ciarlet, 1968 - proof of convergence of piecewise linear finite element approximation.

vyvyYvyYy

1972 Babuska, Aziz - mathematical foundations of finite element methods: theory of Sobolev spaces and
elliptic problems, approximation theory

Brezzi, Babugka, Aziz, 1974, 1972 - "INF-SUP” condition

vy

Strang, 1972 - "variational crimes”



Matematické zaklady MKP

> Cea's lemma (1964)
[t = upll < Cllu = va
> existence YeSeni Lax-Milgram (1954) V - Banach. prostor

a(u,v) = L(v)

v

V - Soboleviiv prostor, V = W12(Q), S. Sobolev (1908 - 1989)

ol = [ (62 + 63) + o dray
Konvergence MKP (h — 0, Ciarlet, 1968), predpoklad

hk/pk < C

Odhad chyby (komenté¥!)

v

v

|u—vhllv < Gihllullw22(q)



Zdroje chyb ve vypoctech

Jaké chyby délame ve vypoltech MKP?

» Numerické chyby.
chyba aproximace (volba sitg),
numerickd integrace, Q5 # Q (variaéni zlotiny),
soustava linedrnich/nelinedrnich rovnic (nep¥esné ¥egeni)
zaokrouhlovaci chyby,

vV vy vy
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Zdroje chyb ve vypoctech

Jaké chyby délame ve vypoétech MKP?

> Numerické chyby.
chyba aproximace (volba sitg),
numerickd integrace, Qp, # Q (variaéni zlotiny),
soustava linedrnich /nelinedrnich rovnic (nep¥esné feeni)
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vV vy vy

» Chyby v datech (nejistoty)

» Chyby v disledku uZiti nesprdvného matematického modelu.

REALITA — MATEMATICKY MODEL — NUMERICKA APROX.



Zdroje chyb ve vypoctech

Jaké chyby délame ve vypoétech MKP?

> Numerické chyby.
chyba aproximace (volba sitg),
numerickd integrace, Qp, # Q (variaéni zlotiny),
soustava linedrnich /nelinedrnich rovnic (nep¥esné feeni)
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» Chyby v datech (nejistoty)

» Chyby v disledku uZiti nesprdvného matematického modelu.

REALITA — MATEMATICKY MODEL — NUMERICKA APROX.

» Chybné vysledky mohou vést ke katastrofalnim dusledkim.



Seznam inZenyrskych katastrof

Inspirovano |. Babuska

» Tacoma Narrows Bridge Nov. 7, 1940
Diivod: chybny model, aerodynamicke sily
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Seznam inZenyrskych katastrof

Inspirovano |. Babuska

» Tacoma Narrows Bridge Nov. 7, 1940
Diivod: chybny model, aerodynamicke sily
» Chladici véZe Ferrybridge, Yorkshire, Nov 1st, 1965
Davod: uvaZzovany model nebral v tivahu seskupeni vézi
» Sleipner A (Offshore) platform, 23 August 1991
Diivod: nepresna aproximace, chyba v predikovanem napeti.
» Selhdani ARIANE 5, &erven 1996
Diavod: round-off error, computer science problem.
» Mars Surveyor '98
Davod: Nezamyslena zaména fyzikalnich jednotek.



Zavér
Zdroje chyb ve vypoctech

Chyby ve vypotétech mohou zplsobit katastrofalni disledky. Chyby
napr.

> Numerické chyby.

» Chyby v datech (nejistoty)

» Chyby v disledku uZiti nesprdvného matematického modelu.

REALITA — MATEMATICKY MODEL — NUMERICKA APROX.

Procesy: Verifikace a validace.



Est 1. Problémy FSI

» stabilizace




Matematicky model FSI interakce

» proud&ni vzduchu (mald Ma, nestla&itelné Navier-Stokes
rovnice)

» model poddajného t&lesa (e.g. linear elasticity)

» coupling conditions (sdruZeny problém)



Matematicky model 2D

Nestla&itelné Navier-Stokesovy rovnice

g\;+(v-V)v+Vp—yAv =0

Vv = 0 il’th

Deformace hlasivky (linedrni elasticita)

b
pO%ui 0T

o7 T ox

= f;'a in va

» Pozor: Lagrangeovsky a Eulerovsky popis !
» coupling conditions (kinematické a dynamické)
» Arbitrary Lagrangian-Eulerian (ALE) metoda



Lagrangeliv a Euleriv pfistup

Eulerovsky pfistup (fluid) vs Lagrangeovsky pfistup (structure)
Q,
L,
Q ref

Lagrangian approach

Q

=) B Gy

Eulerian approach




Arbitrary Lagrangian-Eulerian metoda

7

Lagrangian approach

>

Eulerian approach



Arbitrary Lagrangian-Eulerian metoda

Arbitrary}agrangian—Eulerian approach

>Qt

’,
Lagranglan mappfhg
r

r

C—
7

7

¥
f
)

Q

Qn

/ ALE mapping




How to apply ALE method?




How to apply ALE method?

» ALE mapping A; : Qg — Q;



How to apply ALE method?

seferencs doradn

» ALE mapping A; : Qg — Q;
> point x(t) moves in time



How to apply ALE method?

-
v(), p(t) at point x(t)

JANAN

» ALE mapping A; : Qg — Q;
> point x(t) moves in time
» domain velocity

woli, 1) = (6, ) = 24




How to apply ALE method?

v

ALE mapping A; : Qo — Q;
point x(t) moves in time
domain velocity

v Yy

0A:(§)
ot

WD(X, t) = \Aib(f, t) =

DTAtf - ALE derivative,

v



How to apply ALE method?

FANAN

v(), p(t) at point x(t)

Qof—)Qt

ALE mapping A; :

| 4

> point x(t) moves in time

» domain velocity

- 0A
wo(x, ) = wip(e, ) = 24

> DAf - ALE derivative,

> relatlon " K

DAf f
+ (wp - V)f

‘Dt ot



Arbitrary Lagrangian-Eulerian metoda

» Define ALE mapping A
At . Qref — Qt, X = A(g, t)

» Domain velocity (grid velocity)

. DA, 1)
t p—
wp(¢, 1) R (5)
» ALE derivative - time derivative on ALE trajectory
DA of
—f = — +(wp - V)f, (6)

Dt ot



Arbitrary Lagrangian-Eulerian formulace

DAv
o +(v—wp) - Vw+Vp—vAv = f
Vv = 0 in Qt
Poznamky:

» Casova diskretizace pomoci BDF
> kvalita sit& se miZe v &ase ménit (remeshing)
» praktickd konstrukce ALE (?)



MKP a stabilizace

Navier-Stokesovy rovnice:

ov

— +v-Vv+Vp—vAv =
Vv =

ot

» Zjednodueni - Stokeslv problém:

—vAv+Vp =
Vv = 0

» Zjednoduseni - Konvekce difuze:
(b-V)v—vAv=0

» Nelinearni problém



MKP a stabilizace

Prostorova diskretizace

ov

at—i—v‘Vv—i—Vp—z/Av = f

Vv = 0

Vezmeme testovaci funkce z, g, pfendsobime, zintegrujeme.

@; +v- wz) = (P V- 2)41(Vv,V2) +(q. V- v) = (f,v).

1. zdroje nestability: vysoka Reynoldsova &isla,

LU

v

Re

2. inf-sup podminka (rozdilna role v, p v rovnicich)



Model problem (1D)

1

~--e=10""
0.8t - e=1079 ;
—e=107] H
0.6 h
'I
0.4 ',"
0.2 Vi
o e

b oz 0i 06 08 i
—eu” + bu' =0, u(0) =0,u(l) =1,
Redeni zavisi na podilu b/e

ebx/e _ 1
eb/e —1°

u(x) =



Model problem (1D) - discrete solution

& & & L L &
X X X L X
» MKP (ekvidistantni sit),
—eu”" +bu' =0 v (0,1),
» centrdlni diference
U1 —2Ui + Uiy U1 — Ui

u"(x;) = = h2l =, u'(x;) = = h -

>
. U1 —2U; + Ui L+ bUi+1 — U1 _ 0

h? 2h



Model problem (1D) - discrete solution

L L L &

X
X X =1
a 1 z

» MKP (ekvidistantni sit),

x.

—eu”" +bu' =0 v (0,1),

» centralni diference

Upsy — 2U; + Uy Upsr — Ui
" - Yit+1 i i—1 o\ Zitl i—1
u (Xi)N h2 ’ U(X’)N 2h
>
Uiy1 —2Ui + Ui U1 — Ui
- h2 1+ I ] h2 I _
: ch? A e 0

> Pe=25h

2¢e



Model problem (1D) - discrete solution
> YeSeni

> monotonie jen pro

0.5

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1



Model problem (1D) - upwind

» Uloha
—eu”" +bu' =0 v (0,1),

» upwind schéma

U—-U-=  Ugpr—U-1 | h(=Up +2Ui = Uiy)
T TR B

» modifikovand/perturbovand tloha

h
—(e+ E)u” +bu' =0 v (0,1),



Model problem (1D) - upwind

v

Uloha
—eu”" +bu' =0 v (0,1),

upwind schéma

v

U—-U-=  Ugpr—U-1 | h(=Up +2Ui = Uiy)
T TR B

v

modifikovand/perturbovand dloha

h
—(e+ E)u” +bu' =0 v (0,1),

v

Upwind je vlastné uméle p¥idand viskozita!



Stabilizace problemu konvekce difuze

Problém
—eAu+b-Vut+au="f

Lu

» Umél3 vazkost (isotropic viscosity), —dxAu, tj.

/ dk(Vu-Vv)dx
Q
lépe: streamline upwind (ve smé&ru proudu)
/ dk(b-Vu)(b-Vv)dx
Q
» streamline-upwind/Petrov-Galerkin
/ Ik(Lu—f)(b-Vv)dx
Q

» crosswind diffusion (nelinedrni zavisi na |Lu — f|)



MKP a stabilizace

Inf-sup podminka, stabilizace

(g‘;+\7~Vv,z)+y(Vv,Vz)(p,V-z)+(q,V-v)O

v

Naivni diskretizace MKP (Stokes)

(5 o) (5)=(%)

Regularita matice - zavisi na hodnosti B!

v

v

Zaru€ena jen pro vhodné zvolené prvky:
P,/P; (Taylor-Hood, P3/Ps, nikoliv Py /P;!

Lze pouzit stabilizace!

v



Stabilizace MKP pro Navier-Stokesovy rovnice

(g‘;—&-\?-Vv,z) +v(Vv,Vz) - (p,V-2)+(q,V:-v) =

(f,2)

» stabilizujem dva zdroje nestability (Re, inf-sup condition)
» streamline diffusion/Petrov-Galerkin (Re)

(V-Vv,v-Vz)
» pressure stabilizing/Petrov-Galerkin (inf-sup podminka),

(Vp,Vq)



Stabilizovand FEM formulace

((3‘;+\7~Vv,z) +v(Vv,Vz) — (p,V-2)+(q,V -v)

+L(U,V) = (f,z)+F(V).

holds for all z and q. Here, SUPG/PSPG terms

LUY) = (2;\, — VAV (§- V)V + Vp, ok(@ - V)2 + 5qu> ,

FV) = (f,0k(-V)z+0kVq),



Stabilizovand FEM formulace

((;‘;+\7~Vv,z) +v(Vv,Vz) — (p,V-2)+(q,V - v)

+LU,V) = (f,z)+F(V).

holds for all z and g. Here, SUPG/PSPG terms

L) - (zzt VAV + (§- V) + Vp, k(i - V)2 + am) |

FV) = (f,0k(V-V)z+0kVq),

Volba dk, 0k - zavisi na v, v, h



Stabilizovand FEM formulace

(g\;+\7-Vv,z> +v(Vv,Vz) — (p,V-2)+(q,V-v)

+£(U,V)+ZTK<V-V,V~Z>K = (f.2) +F(V).
KeTy

holds for all z and g. Here, SUPG/PSPG terms

LU, V) = (;Atv—uAv—i—(\"l-V)v—l—Vp,(SK(\"I-V)z—i—dKVq),

FOV) = (f,0k(V-V)z+0kVq),

Volba dk, 0k - zavisina v, v, h



P¥i vypoctech metodou koneénych prvki nezapominat na jeji
matematickou podstatu, matematickou formulaci.

Dékuji za pozornost!
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